We give descriptions of the moduli of representations with Borel mold for free monoids as fibre bundles over the configuration spaces. By using the associated Serre spectral sequences, we study the cohomology rings of the moduli. Also we calculate the virtual Hodge polynomials of them.
Introduction.
A representation for a group or a monoid is called a representation with Borel mold if it can be normalized to a representation in upper triangular matrices whose image of the group or monoid generates the algebra of upper triangular matrices. In [Na2] the moduli of representations with Borel mold has been constructed for each group or monoid. The moduli of representations with Borel mold has simpler structure than the moduli of absolutely irreducible representations constructed in [Na1] . In the present paper, for the free monoid case we describe the moduli of representations with Borel mold explicitly, and calculate its cohomology ring.
The moduli of representations with Borel mold has a fibre bundle structure over the configuration space of the affine space, and hence its cohomology ring can be calculated. We also calculate the virtual Hodge polynomial of the moduli of representations with Borel mold, which will be used for calculating the virtual Poincaré polynomial of the moduli of absolutely irreducible representations of degree 2 for the free monoid case in [Na3] . By calculating the cohomology ring of the moduli, we can consider characteristic classes for representations with Borel mold on a scheme. The construction of characteristic classes and its application will be presented in other papers.
By global representation theory we understand theory of representations on (arbitrary) schemes. The global representation theory is geometric rather than the local representation theory, that is, the representation theory over fields or local rings. For example, each representation of degree n with Borel mold for a group (or a monoid) Γ on a scheme X has a unique Γ-invariant complete flag of O n X (see [Na2] ). The Γ-invariant complete flag is not always trivial on X, although if X is the spectrum of a field or a local ring, then the flag is trivial. Non-triviality of the Γ-invariant flag is an interesting feature of the theory of representations over schemes.
As above, the global representation theory has a geometric aspect. For developing the global representation theory, in particular, the theory of representations with Borel mold, we need to consider topology of the moduli of representations with Borel mold. If we intend to construct characteristic classes of representations with Borel mold on schemes (which seems to be an important tool for the global representation theory in the future), then we have to calculate the (ordinary) cohomology of the moduli. That is our main motivation. In this article, we deal with only the free monoid case. The free monoid case is a fundamental case for considering the moduli of representations with Borel mold.
Let us go into details on our main results. There is a 1-1 correspondence between the representations with Borel mold of the free monoid of rank m and the m-matrices of size n × n which generate the algebra of upper triangular matrices. We study the condition for m-upper triangular matrices to generate the algebra and it gives us a description of the moduli Ch n (m) B of representations with Borel mold for the free monoid of rank m as a fibre bundle over the configuration space F n (A m Z ) of the affine space A m Z . Thereby we can calculate the cohomology rings of Ch n (m) B and related varieties which are regarded as algebraic schemes over C by tensoring with C. The description of Ch n (m) B as a fibre bundle gives us the Serre spectral sequence converging to the cohomology ring of Ch n (m) B . The structure of the cohomology ring of the configuration space F n (C m ) is well-known (cf. [Co1] and [Co2] ). Then it is easy to show that the spectral sequence collapses from the E 2 -term.
Theorem 1.1 (Proposition 3.8). The moduli Ch n (m) B of representations with Borel mold is a fibre bundle over the configuration space

Theorem 1.2 (Theorem 5.2). The cohomology ring of Ch n (m) B is given by
where the degree |t j | = 2 for 1 ≤ j ≤ n − 1. 
The organization of this paper is as follows: In §2 we review the moduli of representations with Borel mold. In §3 we give descriptions of the moduli schemes B n (m) B , Ch n (m) B and Rep n (m) B . We show that B n (m) B and Ch n (m) B are fibre bundles over the configuration space F n (A m Z ), and Rep n (m) B is a fibre bundle over the flag scheme Flag(A n Z ) with respect to Zariski topology. From the descriptions as fibre bundles, we study the associated Serre spectral sequences and calculate the cohomology rings of B n (m) B , Ch n (m) B and Rep n (m) B in § §4, 5, 6. In §7 we calculate the virtual Hodge polynomials of B n (m) B , Ch n (m) B and Rep n (m) B . In §8 we define B n (∞) B , Ch n (∞) B and Rep n (∞) B to be the homotopy direct limits of natural inclusions respectively, and study the homotopy types and the cohomology rings of them.
Survey: The moduli of representations with Borel mold.
In this section, we make a survey of the moduli of representations with Borel mold. We use [Na2] as our main reference. 2.1. Representations with Borel mold. Let Γ be a group or a monoid. Let X be a scheme. By a representation of degree n for Γ on X we understand a group (resp. monoid
For two representations ρ, ρ of degree n for Γ on X, we say that ρ and
By a mold of degree n on a scheme X we understand a subsheaf of O Xalgebras of M n (O X ) which is also a subbundle of M n (O X ). By two molds A and B of degree n on X, we say that A and B are locally equivalent if there exist an open covering X = ∪ i∈I U i and
For a mold A of degree n on X we say that A is a Borel mold of degree n if A and B n ⊗ Z O X are locally equivalent.
Under the above preparations, we introduce the notion of representations with Borel mold. Definition 2.1. For a representation ρ of degree n for a group (or a monoid) Γ on a scheme X we say that ρ is a representation with Borel mold if the
2.2. Review of the moduli of representations with Borel mold. Let Γ be a group or a monoid. The following functor is representable by an affine scheme:
The affine scheme Rep n (Γ) is called the representation variety of degree n for Γ.
Definition 2.2. We define the locally closed subscheme Rep n (Γ) B of the affine scheme Rep n (Γ) which represents the functor
Definition 2.3. We define the closed subscheme B n (Γ) of Rep n (Γ) which represents the functor
We also define the open subscheme
The group scheme PGL n acts on the schemes Rep n (Γ) and Rep n (Γ) B by ρ → P −1 ρP . Let B n be the closed subgroup scheme of PGL n defined by B n := {(b ij ) ∈ PGL n | b ij = 0 for each i > j}. The group scheme B n acts on the schemes B n (Γ) and B n (Γ) B by ρ → bρb −1 .
We define two group actions on B n (Γ) B × PGL n : One is the action of PGL n defined by (ρ, P ) → (ρ, P Q), and the other is one of B n defined by (ρ, P ) → (bρb −1 , bP ). Defining the morphism B n (Γ) B × PGL n → Rep n (Γ) B by (ρ, P ) → P −1 ρP , we obtain the following diagram which is a fibre product:
We denote the universal geometric quotient B n (Γ) B /B n = Rep n (Γ) B /PGL n by Ch n (Γ) B (the existence of the universal geometric quotient has been proved in [Na2] 
Description of the moduli.
In this section, we describe the moduli of representations with Borel mold of degree n for free monoids by using the configuration spaces. Considering the 1-1 correspondence between representations of the free monoid Υ m and m matrices of size n × n, we see that B n (m) B is isomorphic to
. . , A m generate the algebra of upper triangular matrices .
Hence we will investigate the latter space.
Preliminaries.
In this subsection, we study the condition that m upper triangular matrices generate the algebra of upper triangular matrices.
Let k be a field. We define the k-algebra B n (k) by
For n ≥ 2 and 1 ≤ i = j ≤ n, we define the k-linear map
We also define the k-algebra homomorphism φ n by
Proof. Easy.
Lemma 3.2. For a k-subalgebra
Proof. The "only if" part is obvious. Let us show the "if" part.
By the surjectivity of φ n | A we also have Q := (c st ) ∈ A such that c ii = 1 and c jj = 0 for each j( = i). Then the matrix P i := Q 2 P is what we want.
Next let P i be as above. Proof. Let A be the subalgebra of k n generated by v 1 , v 2 , . . . , v m . First we show the "if" part. From the assumption, for each 1 ≤ i ≤ n and for j = i we have w ij ∈ A whose i-th entry and j-th entry are 1 and 0, respectively.
Next we show that the "only if" part. Suppose that A = k n and that there exist 1 ≤ i = j ≤ n such that the i-th entry and the j-th entry of any
Under this situation, we have the following proposition: 3.2. Description of B n (m) B . In this subsection, we describe B n (m) B explicitly by using the configuration space of the affine space. Note that B n (m) B is the scheme of m upper triangular n × n matrices which generate the algebra of upper triangular matrices. Definition 3.5. We define the configuration space F n (X) of a scheme X by
For example, we denote by (1) and (2). We define the morphism
Under these preparations, we obtain: Proposition 3.6. Let n be an integer with n ≥ 2. The morphism Φ n,m :
More precisely, there exists a Zariski open covering
, where
, we have a neighbourhood U such that there exist n − 1 bases
Thus we easily see that Φ n,m is a fiber bundle with the structure group G. 
Therefore in the sequel we assume that n, m ≥ 2.
Description of Ch n (m) B .
In this subsection, we describe the moduli of representations with Borel mold Ch n (m) B explicitly.
we take an open neighbourhood U as in the proof of Proposition 3.6.
Let us consider the action of
By calculating w ij , we have
Here we used the equality i≤k≤j b ik b kj = δ ij = 0 and we denoted v k by w kk .
We define a morphism 
) (n−2)(n−1)/2 trivially. Then the above morphism is B n -equivariant. Since the pull-back
) (n−2)(n−1)/2 . We can easily check that ϕ gives a bijection between geometric points. The schemes Ψ −1 n,m (U ) and
) (n−2)(n−1)/2 are smooth over Z. Because ϕ is birational, it is an isomorphism by Zariski's Main Theorem. Therefore we have: . In particular, Ch 2 (2) B is isomorphic to
We denote by f the composition of morphisms
Let us consider the short exact sequence (1) and (2). Let us consider the pull-back of (3) by f • Ψ 2,m : 
−→ Proj E ∨ . We can easily check that this is an isomorphism.
Description of Rep n (m) B . In this subsection, we describe Rep
In §2 we obtained a diagram which is a fibre product:
where f : B n (m) B × PGL n → Rep n (m) B is given by (ρ, P ) → P −1 ρP and p 1 is the first projection. The group scheme B n acts on B n (m) B × PGL n by (ρ, P ) → (QρQ −1 , QP ). The morphism f is a B n -principal fibre bundle. 
is the rank k subbundle of the universal flag on U . We denote by U the inverse image of U by Rep n (m) B → Flag(A n Z ). Let E * be the pull-back of the universal flag on U . Let s i be the pull-back of s i . Then we define a morphism U × B n (m) B → U by corresponding (E * , ρ) to the representation ρ with respect to the basis { s i } (not the canonical basis!). We can easily check that U × B n (m) B → U is an isomorphism, which completes the proof. The statement can be also verified by the fact that B n (m) B × Bn PGL n ∼ = Rep n (m) B .
Cohomology of B n (m) B .
In §3.2 we described the scheme B n (m) B over Z as a fibre bundle over the configuration space F n (A m Z ). In the rest of this paper we abbreviate the Cvalued point of B n (m) B with classical topology to B n (m) B . In this section we calculate the cohomology ring of B n (m) B for m ≥ 2 by using the Serre spectral sequence associated with the fibre bundle. For a topological space X, we denote by H q (X) the integral cohomology group H q (X; Z).
First, we recall the cohomology ring of the configuration space F n (R m ) (cf. [Co1] and [Co2] ). Let F n (R m ) be the configuration space of ordered distinct n-points in R m :
Since 
. Then we have s(i, j) 2 = 0 and s(j, i) = (−1) m s(i, j). Theorem 4.1 (cf. [Co1] and [Co2] ). The cohomology ring of the configuration space F n (R m ) is a graded commutative associative ring generated by s(i, j) for 1 ≤ i < j ≤ n with a complete set of relations:
By Proposition 3.6, there is a fibre bundle
where the fibre Y B is (C m − C 1 ) n−1 × C m(n−1)(n−2)/2 . Since Y B is homotopy equivalent to the product of spheres:
the cohomology of the fibre Y B is given by
where the degree of s j is 2m − 3 for j = 1, . . . , n − 1.
Proof. Note that the configuration space F n (C m ) is (2m − 2)-connected. Then the lemma follows from the long exact sequence of homotopy groups associated with the fibre bundle (4).
There is a Serre spectral sequence associated with the fibre bundle (4)
Note that the coefficient system is trivial, since
and H * (Y B ) are free over Z, we have an isomorphism 
is free over Z, s 2 j = 0 for j = 1, . . . , n − 1. There is a ring homomorphism φ : Λ(s 1 , . . . , s n−1 ) → H  *  (B n (m) B ) . Then φ is injective since i * • φ is an isomorphism. We consider the following ring homomorphism:
Then it is easy to see that Φ * n,m ⊗ φ is an isomorphism. (1) k,l , . . . , a(m) k,l ) . We set w k = w k,k − w k+1,k+1 for k = 1, . . . , n − 1. Let B n (m) B be the subspace of B n (m) B defined as follows:
where (−, −) is the standard Hermitian inner product and || − || is the associated norm. Let T n be the n-dimensional torus
Then there is a homomorphism from T n into the diagonal matrices of B n (C). We denote by T R the image of this homomorphism. Then B n (m) B is a T Requivariant subspace of B n (m) B where the action of T R on B n (m) B is a restriction of the action of B n (C). We note that T R acts on B n (m) B freely. Then the following lemma is easy:
The map from B n (m) B to F n (C m ) gives a fibre bundle
where the fibre Y B is the product of spheres:
There is a map of fibre bundles from
which induces homotopy equivalences:
Cohomology of Ch n (m) B .
In the rest of this paper we abbreviate the C-valued point of Ch n (m) B with classical topology to Ch n (m) B . In §3.3 we obtained a description of the scheme Ch n (m) B over Z as a fibre bundle over the configuration space F n (A m Z ). By using the Serre spectral sequence of the fibre bundle, we calculate the cohomology ring of Ch n (m) B for m ≥ 2.
The space Ch n (m) B is defined to be the quotient space of B n (m) B by the free action of B n (C). The torus T R ⊂ B n (C) also acts on B n (m) B . There is a fibre bundle
Since the fibre B n (C)/T R is contractible, the projection 
Note that we have a commutative diagram of fibre bundles
such that the vertical arrows are weak homotopy equivalences. The fibre Y C is the product of complex projective spaces:
Hence we have
where the degree of t j is 2 for j = 1, . . . , n − 1. There is a Serre spectral sequence associated with the fibre bundle (5)
The coefficient system is trivial by the same reason as in the case of B n (m) B . Note that there is an isomorphism
since H * (F n (C m )) and H * (Y C ) are free over Z. By Theorem 4.1, we have
. . , n − 1. Then we have t j m−1 = 0 for j = 1, . . . , n − 1. We regard H * (Ch n (m) B ) as an algebra over H * (F n (C m )) by using the ring homomorphism Ψ * n,m :
The cohomology ring of Ch n (m) B is a truncated polynomial algebra generated by t j , (j = 1, . . . , n − 1) over H * (F n (C m )):
n−1 ). Proof. By the above argument, we have a ring homomorphism
Then the ring homomorphism
gives an isomorphism.
Cohomology of Rep n (m) B .
In §3.4 we described the scheme Rep n (m) B over Z as a fibre bundle over the flag scheme Flag(A n Z ). In the following we abbreviate the C-valued points of Rep n (m) B with classical topology to Rep n (m) B . In this section we consider the cohomology of Rep n (m) B for m ≥ 2 by using the Serre spectral sequence associated with the fibre bundle.
First, we recall the cohomology ring of the flag manifold U (n)/T n . We say that a sequence (
. . , n − 1. Let Flag(C n ) be the set of all complete flags in the vector space C n . Then PGL n (C) acts on Flag(C n ) transitively. Let C i be the subspace of C n spanned by the first i canonical basis vectors for i = 1, . . . , n − 1. Then we see that the stabilizer of the complete flag (C 1 , . . . , C n−1 ) is B n (C). We regard Flag(C n ) as a manifold by means of the isomorphism Flag(C n ) ∼ = PGL n (C)/B n (C). Let U (n) be the unitary group of size n and let T n be a maximal torus of U (n) consisting of the diagonal matrices. Then U (n) also acts on Flag(C n ) transitively and the stabilizer group of (C 1 , . . . , C n−1 ) is T n . Hence we get an isomorphism Flag(C n ) ∼ = U (n)/T n . Let π i : T n → T 1 be the ith projection for i = 1, . . . , n. Then we have a line bundle E i over Flag(C n ):
We denote by t i the first Chern class of the line bundle E i :
Then we have the following well-known lemma:
Lemma 6.1. The cohomology ring of Flag(C n ) is given by
where c i is the ith symmetric function for i = 1, . . . , n.
We note that
The space Rep n (m) B is defined as B n (m) B × Bn(C) PGL n (C). We note that there is an isomorphism Rep n (m) B ∼ = B n (m) B × T R P U(n) where P U(n) is the projective unitary group and T R is its maximal torus. We define Then we obtain the associated Serre spectral sequence
Since Flag(C n ) is simply connected, the coefficient system is trivial. By Theorem 4.3 and Lemma 6.1, the cohomology group of B n (m) B and Flag(C n ) are free over Z. Hence we have an isomorphism
We recall that there is a map B n (m) B → F n (C m ) which is a fibre bundle with fibre Y B .
Proposition 6.5. If m > (n 2 −n)/2+1, then the spectral sequence collapses from E 2 -term. In this case we have
as algebras where the degree of s i is 2m − 3 for i = 1, . . . , n − 1.
Then the proposition follows from the fact that
The first nontrivial differential d 2m−2 is given by
Let C be a differential graded algebra given by
where the cohomological degree of t i is 0 for i = 1, . . . , n and the cohomological degree of s i is 1 for i = 1, . . . , n − 1. The differential is defined by
We denote by H(C) the cohomology algebra of C.
Lemma 6.6. The E 2m−1 -term of the Serre spectral sequence of the fibre bundle
In the rest of this section we calculate the cohomology of Rep n (m) for small n. 6.1. The case n = 2. If n = 2, the flag manifold Flag(C 2 ) is the 2-sphere S 2 and P U(2) is the real projective space RP 3 . We recall that Rep 2 (2) B = B 2 (2) B × T R P U(2). It is easy to see that the action of T R is free and the quotient map B 2 (2) B → B 2 (2) B /T R is identified with the fibre bundle B 2 (2) B → F 2 (C 2 ). Hence B 2 (2) B → F 2 (C 2 ) is a principal T R -bundle. Since T R ∼ = S 1 and F 2 (C 2 ) is 2-connected, the principal bundle is trivial and
. It is also easy to construct an isomorphism explicitly.
Proposition 6.7. If n = 2 and m = 2, we have a homotopy equivalence
Hence its cohomology ring is given by
If n = 2 and m ≥ 3, we have
where |s| = 2m − 3. 
6.2. The case n = 3. By Lemma 6.6, the E 2m−1 -term of the Serre spectral sequence of the fibre bundle B 3 (m) B → Rep 3 (m) B → Flag(C 3 ) is given by
Then the next nontrivial differential is d 4m−5 . Since H * (Flag(C 3 )) is concentrated in even degrees, we see that d 4m−5 (H(C)) = 0. Hence we obtain the following proposition: [DK] , [Ch1] , [Ch2] and so on.
For an algebraic scheme X over C, we can define the virtual Hodge polynomial H(X; x, y) of X in Z[x, y] which satisfies the following properties:
(1) For a smooth projective variety X over C, In this section we study B n (∞) B , Ch n (∞) B and Rep n (∞) B . The inclusion C m → C m+1 given by (z 1 , . . . , z m ) → (z 1 , . . . , z m , 0) defines an inclusion F n (C m ) → F n (C m+1 ). We denote by F n (C ∞ ) the homotopy direct limit of the system
The following lemma follows from Lemma 4.2 and the fact that the configuration space F n (C m ) is (2m − 2)-connected. 
